Hydraulic fracturing is today the completion of choice in most of tight gas producing fields all over the world. Ultimate performance of fractured wells is severely diminished by the effects of non-Darcy flow inside the fracture. A design methodology based on the effective Proppant Number is presented in this paper.
Introduction
Laboratory tests 1 , well modeling and simulation 2 and post fracture well evaluations 3 have shown that propped fracture permeability of gas wells may be significantly reduced by production and reservoir conditions as well as fracturing fluid and other secondary effects. Our approach results in a new proppant permeability defined as "effective permeability" with possible one or more orders of magnitude less than the nominal proppant permeability. Several authors [4] [5] [6] agree that the most important variables affecting proppant pack permeability are:
• Non-Darcy Flow • Time & Closure stress
The effects of single phase non-Darcy flow within propped fractures have been widely discussed and evaluated by a number of authors. [7] [8] [9] [10] [11] Holditch and Morse 8 mention that high pressure drop due to high flow velocities might be due to both turbulence and inertial resistance. They develop a numerical model to show the impact of non-Darcy flow in the deliverability of fractured wells. A single phase, two dimensional model, finite difference reservoir simulator was used. They conclude that non-Darcy effects should be considered in the design of hydraulic fracture treatments, otherwise the design might be far from optimal. Holditch and Moore also pointed out that effects of non-Darcy flow on gas well productivity index is a function of proppant type and not to consider it might result in a wrong analysis of well test interpretation.
Guppy et al. 2 presented a method to estimate effective fracture conductivity from drawdown data at two different flow rates. They developed a dimensionless model to describe the flow and pressure distribution in the fracture. This model was coupled to a 2D, single phase finite difference reservoir simulator to evaluate the behavior of non-Darcy flow through the fracture. They saw that non-Darcy flow causes the fracture conductivity to appear lower than its nominal value (what they called true conductivity).
Alvarez et al. 4 pointed out that simulation history matching is the most appropriate method to analyze buildup pressure tests of hydraulically fractured gas wells. They mention that not considering non-Darcy flow effects through the propped pack and/or using conventional methods of well test interpretation may result in wrong estimations of fracture halflength and fracture conductivity. They concluded that wrong estimates of fracture conductivity and permeability might
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Vincent et al. 6 mention that engineers usually do not consider the effects of non-Darcy flow when designing fracture treatments because they assume it only happens in high rate wells. According to these authors, non-Darcy flow effects are significant even in wells considered low rate wells. They estimate that not considering non-Darcy flow causes lost revenue of $2 million per fracture. They use Stim-Lab´s SLFrac production model to perform their studies. Results show that the initially least attractive proppant due to cost could be the most appropriate considering the effective permeability in real conditions. Therefore, they conclude that ignoring multiphase and non-Darcy effects can lead to incorrect decisions regarding the required fracture width and proppant type.
Richardson 4 proposed a methodology for fracture design and optimization considering the effects of closure stress, temperature, embedment, gel damage, non-Darcy turbulent flow, and non-Darcy multi-phase flow. He set a dimensionless fracture conductivity of 30 as design criteria to compensate the effects of conductivity decrease. The optimum length is selected based upon an economic analysis of fracture length vs. NPV, then the required fracture conductivity is calculated for a dimensionless fracture conductivity of 30.
Barree et al. 5 point out that proppant selection is a key factor to guarantee a successful stimulation and field development. They mention that selection is usually based on data from standardized API conductivity tests on clean packs at specified stress and temperature. They propose to correct proppant conductivity for field conditions considering damage mechanisms that might occur during fracturing and production. Finally, in their studies they use a simulator that include the effects of closure stress, embedment, spalling, filter-cake deposition and erosion, bulk gel damage, multiphase flow, and non-Darcy flow. They conclude that clean pack "baseline" data for proppant pack are optimistic because field conductivity is much lower than generally believed or expected.
In 2002 unified fracture design 12 was introduced. It is based in a new dimensionless number called proppant number which already determines the maximum possible productivity index achievable with the given amount of proppant. The concept can be also applied to situations, where non-darcy flow through the propped fracture is significant 13 . All works presented above address very well the effects of non-Darcy flow in well test analysis, fracture design and well performance. However little work has been done regarding the reliability of the estimation of the β factor and its effect on the outcome. Correlations obtained from different sources (i.e. proppant lab tests, core lab tests, analytical models) have been used in these works without considering the impact of the equation selected on the final results. In this paper we present a systematic evaluation of 24 β factor correlations available in the literature. Our main goal is to provide recommendations for fracture treatment design and analysis.
We consider 20/40 mesh size proppants of four different types, (i.e. resin coated sand, low weight ceramic low strength, low weight ceramic high strength and sintered bauxite).
The design method used in this paper is based on finding the optimum fracture dimension corresponding to an effective Proppant number calculated with the effective pack permeability. The effects of closure stress and gel damage on the effective permeability can be considered the same way. This methodology will be evaluated in 11 fracture treatments of South Texas gas wells.
Fracture Well Performance
The best performance indicator of a stimulated gas well is the pseudo-steady state productivity index (J) The actual effect of the propped fracture appears in the variable J D . Dimensionless fracture conductivity (C fD ) and penetration ratio (I x =2x f /x e ) are the two primary variables that control it. The dimensionless fracture conductivity, C fD is a measure of the relative ease with which the produced fluids flow inside the fracture compared to the ability of the fracture to gather fluids from the formation:
The Proppant number is a combination of the two dimensionless variables:
Substituting the definition of penetration ratio and dimensionless fracture conductivity into Eq. 3 we obtain the final form: (4) showing, that the Proppant number is the ratio of the propped volume (volume of proppant in the pay, in the two wings) to the reservoir volume, weighted by the permeability contrast. From one hand, the Proppant number is easy to use, because it is already determined by the selection of the type and amount of Proppant. On the other hand, its use is helpful, because it determines the maximum achievable dimensionless productivity index, as seen in Figs. 1 and 2 . For a specific N prop the maximum J D occurs for a well defined value of C fD . For example, optimum C fD is 1.6 for N prop below 0.1 (Fig. 1) . However, for N prop larger than 0.1 the optimal C fD increases with proppant number (Fig. 2) . This happens because the I x cannot exceed unity. For all proppant numbers, the optimum fracture dimensions can be obtained from
Once the spacing of the wells in the reservoir has been defined, the denominator of Eq. 4 is constant. Then, the proppant number will depend on propped fracture permeability (k f ) and volume of proppant reaching the pay (V p-2w ).
Though in the simple theory the treatment size already determines the maximum achievable dimensionless productivity index, this is not so in the case of non-Darcy flow in the fracture. The reason is, that the effective Proppant permeability depends on the actual linear velocity of the gas in the fracture. Therefore, even if the treatment size is fixed, the effective Proppant number still varies with adjusting the width to length compromise. For gas wells, this effect is significant.
Non-Darcy Flow
Darcy´s law describes laminar flow through porous media. In this case pressure gradient is directly proportional to flow velocity When flow velocity increases, Eq. 7 is not valid anymore due to the additional pressure drop caused by the frequent acceleration and deceleration of the particles of the moving fluid. These inertial effects 8, 14 are well described by the equation developed by When velocities are low, the second term in Eq. 9 can be neglected. However, for higher velocities this term becomes more important, especially for low viscosity fluids. 17 If we divide LHS and RHS of Eqs. 7 and 9 by µ g v we β Factor Correlations β factor is a property of the porous media. 18, 19 Empirical equations have been developed to estimate this factor 20 based on lab data. For this work an extended search was done in various bibliographic databases to collect β factor equations developed so far. These databases are: SPE, Petroleum Abstracts, Transport in Porous Media and Science Citation Index. A detailed review of the references allowed identifying 24 equations. These can be divided into two groups: (1) Equations developed from proppant tests, (2) Equations developed from core, pack bead tests and analytical studies.
Equations developed from proppants tests Cooke
It was the first equation developed to estimate β factor of proppants. 21 Brady sand was used in the lab experiments. Based on the form of the Forchheimer equation presented in Eq. 9, Cooke plotted ∆P/Lµ γ v vs. ρv/µ γ (X) to get the β factor, which is the slope of the curve on this plot. Five sand sizes and various stress levels were considered. X values of all tests were below three. Fluids used were brine, gas and oil. Cooke observed no difference of the results among fluids evaluated. All curves followed the simple equation 
Maloney et al.
Nitrogen was used to simulate gas production. 17 Pressure and temperature were maintained constant through the proppant pack to eliminate uncertainties in the variation of viscosity and density. Sandpack tests were performed at closure stresses from 1,000 to 10,000 psi using various type of proppants. Results show that relationship between β and k f are independent of the sand concentration but is affected by proppant size distribution, grain shape and strength characteristics. They pointed out that if porosity is considered in β equation the dependence on proppant size distribution is less. Therefore, they proposed Eq. 17 for any type of proppant and mesh. (17) Martins et al. They pointed out that laboratory studies have been usually performed at X values below 10. 23 However, in field conditions X is normally higher than 10 so they performed tests for X up to 60 using dry nitrogen at ambient temperature, in order to identify different flow regimes. Tests were conducted for different type of proppants (i.e. intermediate strength proppant, sand) and mesh size (i.e. 16/20 and 20/40) at confining stresses of 2,000, 4,000 and 5,000. They observed that at high rates all results are very similar irrespective of the type of sand and mesh, so they proposed Eq. 18 as general equation for proppants. They found that several flow regimes may be present for the range of X evaluated. In general, two linear behaviors were observed, one for X above 10 and other one for 2<X<5. They conclude that the transition to the high rate flow regime occurs for 3<X<7 independently of particle size. Martins et al. concluded that interpretation of results for X < 10 requires special attention. Therefore, they recommend performing lab tests for X > 10.
Penny and Jin
They plotted β factor vs. permeability for different type of 20/40 proppants (i.e. northern wide sand, precurred resin coated white sand, intermediate strength ceramic products and bauxite). 1 Final equation developed by them has the same form as Cooke´s equation (Eq. 15) where the coefficients a and b depends on type of sand. These coefficients are shown in Table 2 . The correlation provides the so called dry β factor because the authors propose to correct it for multiphase flow (when water or condensate is also flowing). Tests were conducted for values of X up to 20. They considered only one equation for the entire range of X. 18 They concluded that the relationship between permeability and β factor is only a function of mesh size and proppant permeability, and is independent of proppant type. They also concluded that β should be calculated in the region of high flow rate. However, X values in the tests were up to 6. Pursell Table 3 . 24 This model was verified and tested with experimental data. A triaxial system was built to test artificial sandstone sample at in situ reservoir conditions. All tests were performed flowing water trough the core. Permeability and β factor were determined from experiment results and used as input data in the numerical model. In general, they found a good match between numerical and experimental predictions. Finally, they proposed Eq. 19 to estimate β factor. 
Coles and Hartman
They developed Eq. 20 to estimate β factor as a function of effective permeability and porosity. 25 They passed gas through dry and saturated limestone and sandstones core samples to estimate β factor, so it is valid for both dry and saturated cases. Core permeabilities ranged from 0.01 to 1,000 md. They emphasized that relationship was obtained from plots with less scatter than data used to develop previous relationships. Frederick and Graves β factor equation was developed from tests performed on 24 cores with confining stress from 1,000 to 5,000 psi and permeabilities ranged from 0.00197 to 1,230 md. 27 In the plot used to get the correlation they included data from Cornell and Katz 16 , Geertsma 14 and Evans et al. 28 experiments so it can be considered valid for permeabilites up to 350,000 md. Tests were performed flowing gas in dry and brine saturated cores. Eq. 22 is a direct correlation between proppant permeability and β. 
Geertsma
He proposed Eq. 23 to estimate β factor as a function of permeability and porosity. 14 Experiments were conducted with both liquid and gas flow through unconsolidated sandstones, and gas flow through consolidated sandstones. This equation was validated for limestone using Gewers and Nichol data. Jones 355 sandstones and 29 limestones cores plugs from reservoirs around the world were used in his studies. 30 Confining stress between 800 psi and 6,000 psi was applied to all cores. Sandstones and limestones permeability ranged from 0.01 to 2,500 md and from 0.01 to 400 md respectively. Only Helium was used in all measurements. Finally Jones presented Eq. 25 like the equation that fits the best all data collected in the experiments. Thauvin and Mohanty They developed a pore-level network model where inputs are pore sizes distribution and network coordination number and outputs are permeability, β factor, tortuousity and porosity. 34 They found that correspondence between β factor and permeability, porosity and tortuousity depend on the morphological parameters being changed. From all data collected, a general correlation was derived to match all the morphological changes. However, correlation considered in our work is Eq. 29 that not considers tortuousity. Thauvin and Mohanty pointed out that there is no perfect correlation valid for all kind of porous media. Most of these β equations were developed in different units. Table 4 shows a summary of original units and a, b, and c values. In this work parameter a was recalculated (where necessary) in order to have β in 1/ft and k in md. Results are presented in Table 5 where we already can see important differences among correlations based on values of a, b and c parameters. 
Case studies
The method proposed in this paper will be presented through the design and analysis of 11 fracture treatments in three wells. At the time of this study these wells had been already completed and were producing. The purpose of the analysis is to quantify the impact of implementing an optimal design procedure considering appropriately the non-Darcy flow effects versus neglecting them. These wells are identified as PS #1, PS #2 and PS #3. They are located in a tight gas reservoir in South Texas. It is a very heterogeneous reservoir with six multilayered producing sands. Therefore, several fractures are typically performed in each new well (i.e. multistage fractures), as part of the completion, to connect prospective sands with the wellbore. From the design standpoint, multistage fractures involve more complex decision making than single fractures. On the other hand, fracture height is constrained by the neighboring stages, reducing somewhat the uncertainties.
Previous studies suggest 60,000 lbm per stage and maximum 5 stages per well. Based on these recommendations and well log analyses, selected stages for each well are presented in Table 6 . As can be seen, reservoir pressure, net pay and gas effective permeability ranges from 4,000 to 8,000 psi, 8 to 51 ft and 0.05 to 0.2 md respectively. Therefore a wide spectrum of reservoir properties are included in the analysis. An important index to be considered in our studies is the k g h p product that varies from 0.40 to 10.20 md-ft. Closure stress was included because its effects on the effective fracture permeability. It varies from 5,968 to 9,000 psi. Table 7 shows additional data required in the design process. Flowing bottomhole pressure (p wf ) in new wells is typically 1,400 psi. This value will be used in this study. Well spacing and well radius are all the same for all wells in this field except the well radius in PS #3 is 0.281 ft. Effective permeability calculation, Closure stress effects A hydraulic fracture grows normal to the plane of minimum principal in situ stress (Fig. 3) . In a homogeneous formation the minimum principal stress is equal to closure stress. However, lithology typically varies with depth. Therefore, minimum principal stress varies in magnitude and direction over the gross pay interval. In this case, closures stress represents the stress at which created fracture globally close (i.e. global average for the interval). Techniques commonly used to determine closure stress are the step rate, shut-in decline and flowback analysis. 35 Fracturing slurry is injected at high pressures into the formation to overcome closure stress and, create and Effective stress results in compaction and consequently some reduction in proppant permeability, which is then magnified by crushing of the grains (Fig. 4) . Reservoir pressure depletion decreases the net closure stress. 36 On the other hand, flowing pressure within the fracture typically decreases with time, increasing the net closure stress. In general, the most critical condition is when pressure within the fracture is 0 psi. It is the case assumed in our work for designing the fracture at the most critical condition.
Four commonly used 20/40 mesh proppants will be considered in our studies. These are resin coated sand (RCS), low weight ceramic low strength (LWC_LS), low weight ceramic high strength (LWC_HS) and sintered bauxite (SB). Data on variation of proppant permeability with stress are usually provided by the proppant manufacturer. Fig. 5 show this information for all four proppants. The overall behavior is the result of proppant strength, grain size and grain size distribution, quantities of fines and impurities, roundness and sphericity, and proppant density. 35 The magnitude of the closure stress is the startpoint for selecting the proppants to be considered in the treatment design. Therefore, proppants which maximum stress reported in Fig. 5 are below the closure stress of the actual stage will not be considered in the design process for that specific stage. For example, maximum closure stress reported for RCS proppant is 8,000 psi. Closure stress of stage 1, 2 and 3 of PS #1 and stage 1 of PS #2 ( Table  6 ) is above 8,000. Therefore, this type of proppant will not be considered in the fracture design of these stages. Table 8 shows the specific gravity and porosity for each proppant. This data will be used in the design process. 
Incorporating non-Darcy flow effect into the optimization of fracture dimensions
Finding the optimum dimensions while incorporating the nonDarcy flow effect will be illustrated here on the example of stage 2 of PS #3 using RCS as the proppant of choice. Initially, k f corresponding to the closure stress must be calculated. It is obtained from the proppant permeability vs. closure stress curve for RCS proppant (Fig. 5) at closure stress for this stage (i.e. 5,968 psi). The obtained k f is 134,248 md.
To estimate the amount of Proppant in pay, we need fracture height. There is no evidence of fracture height containment in wells fractured in this field. Based on our experience an aspect ratio (AR) of four will be kept as a general rule throghout the design. When fracture length changes during the optimization process, the assumed fracture height changes too. In the given example the fracture height, h f is assumed initially to be 139 ft.
The iterative process starts with a Reynold number guess. A new Reynold number is calculated at the end of the process. Iteration stops when error calculated in step 8 is 0.01% or less. This algorithm was implemented in an Excel/VBA application. In this example initial guess is close to the ultimate Reynold number based on Excel/VBA application results.
1. Calculate effective permeability (k f-eff ) N Re = 9.82, this can be initial guess or new Reynold number calculated in step 7. (33) where k f is in md and k f-eff is obtained in md. (34) where r e is in ft, h p is in ft and V res is obtained in ft 3 . Then (36) where V i-2w is in ft 3 , h p is in ft, h f is in ft and V p-2w is obtained in ft 3 . Then where k f-eff is in md, k g is in md, V p-2w is in ft 3 and V res is in ft 3 . Then (38) where k f-eff is in md, V p-1w (for 1 wing) is in ft 3 , k g is in md, h p is in ft and x f is obtained in ft. (40) where k g is in md, h p is in ft, p res and p wf are in psi, µ g is in cp, T res is in °R and q gsc is in Mscf/day.
Correlations for calculating z-factor and µ g , at pressure and temperature of interest, were selected based on numerous evaluations performed by McCain 37 . He recommends 38 using the Dranchunk Abou-Kassem correlation 39 to calculate zfactor because it duplicates Standing Katz chart with an average absolute error of 0.6 40 . McCain showed in further studies that the best estimation of z-factor is when critical pressure and temperature of the mixture are calculated with Piper et al. correlation 41 . This correlation directly account for the effects of hydrogen sulfide, carbon dioxide (maximum 50%) and nitrogen (maximum 10%). He suggests using Lee et al. correlation 42 to calculate µ g . The accuracy of this correlation is 2% at low pressure and to within 4% at high pressure when the specific gravity of the gas is < 1.0. Table 9 shows gas data required to calculate z-factor and µ g using correlations presented above. It is assumed that gas composition is constant for all stages of the same well. The Reynold number calculated in step 7 is used in step 1 and the calculations are repeated until the error is ≤ 0.01.
Beta correlation evaluation
We can observe in Table 4 that some β  equations have been developed for a specific type of proppant and/or mesh size. It is the case of Pen & Jin 1 and Cooke 21 equation. There are also other correlations obtained from proppant tests which have been proposed by their authors as general correlations for proppants. It means that these correlations can be used in the analysis of non-Darcy flow effects through propped packs irrespective the type of proppant and mesh size. Finally, general porous material correlations can also be used.
In the example calculation we used Pen and Jin equation because it was developed specifically for type of proppant considered in the example (i.e. RCS 20/40). However three questions may arise: 1) What if we are going to inject a proppant that does not have a specific β equation? 2) Are general β equations for proppant really general? 3) Can we use a β equation developed from a source other than proppant tests?
We proposed to answer these questions comparing the frac design results in term of ultimate gas rate using each β equation. This evaluation was performed in PS #1_Stage 3, PS #2_Stage 1 and PS #3_Stage 2. It is because these stages represent a high, medium and low value of k g h p product relative to 11 stages considered in this work ( 23 Kutasov used lab data from experiments of four different authors. This equation includes proppant and packed bed experiments which might affect its applicability to proppants.
In the other hand, only three equations derived from other sources gave similar results to the Pen & Jin equation (i.e. Thauvin and Mohanty, Geerstma, and Li et al.) . The Thauvin and Mohanty equation evaluated in this work comes from the simplest morphological structure (i.e. model, pore size distribution and network coordination number) studied by them. This morphology is typical of a propped pack. It is high porosities (0.40) and low tortuousity. Geertma used unconsolidated sands in his experiments. Although permeabilities are lower compare to typical proppant permeability, the nature of the porous media is similar. In general, we can say that the best matches are obtained for equations derived from experiment or analysis in porous media very similar to a proppant bed. The findings confirm that β is a property of the porous media 18, 19 and is related to the nature of its morphological structure. 34 We can see in Optimal fracture geometry and bottomhole pressure We can infer from Eq. 14 that k f-eff and consequently fractured well performance and optimal fracture geometry depends on pressure drawdown (∆P). It is determined by p wf , in this case, which depends on operational conditions at the surface. PS #1_Stage 3, PS #2_Stage 1and PS #3_Stage 2 will be used in this analysis to show how variations in k g h p might also affect final results.
P wf was varied from 1,000 psi to 4,000 psi. We observe in Figs. 10, 11 and 12 that the less p wf is the wider and shorter fractures are required.
We also observe that the higher the k g h p product is, the variations of optimal length and width are more substantial for the same increase in p wf . For example, for PS #3_Stage 1 optimal length varies from 321 to 396 ft for LWC_LS when bottom pressure varies from 1,000 to 4,000 psi. It is an increase of 23.3 %; for PS #1_Stage 3 optimal length varies from 375 to 420 ft (12 %); and for PS #1_Stage 3 optimal lengths varies from 598 to 632 ft (5.7 %). The same relative variations can be observed regarding the optimum fracture width. It suggests that the higher the k g h p product is, the more important is to incorporate the non-Darcy effect inside the optimization loop.
Optimal fracture designs
One of the main objectives of this work is to show how neglecting non-Darcy flow effects might result in poor fracture designs. Once the optimal mass of proppant to be injected into the formation has been established (i.e. 60,000 lbm in this work), the next step is to define how to place this amount of proppant into the formation (i.e. fracture geometry) for maximizing gas rate production and consequently return of the investment.
We can see from Fig. 13 three different scenarios for Stage 2 of PS #3 using LWC_LS 20/40 as the proppant of choice. First we assume only Darcy flow during the fracture design process. Expected production is 12,619 Mscf/day in this case. However, non-Darcy flow through the fracture is present, even if we neglect it during the design. If we keep the first design, ultimate production will be in reality 5,591 Mscf/day. (Of course many authors have pointed this out before us.) However, if we consider the non-Darcy flow effect during the optimization itself, applying the design methodology presented in this paper, a new optimal fracture geometry is obtained. It results in gas rate production of 7,545 Mscf/day which makes a difference of 1,954 Mscf/day with respect to the original design. We observe in Fig. 13 that an optimal fracture design implies a shorter and wider fracture to compensate the effects of non-Darcy flow. A substantial part of the effects of non-Darcy flow is therefore compensated by the optimum design. Previous comparisons, numerous in the literature somewhat overdramatized the effect of non-Darcy flow, by the lack of adjusting the design to the non-darcy conditions. Those studies usually suggest increasing the amount of Proppant and/or the use of more expensive Proppant. Our study suggests that once the economics has dictated the treatment size and available Proppant, much can be done by optimization.
The result of implementing an optimal design in the multistage fractures of wells PS #1, PS #2 and PS #3 might result in an additional production of 9,646 Mscf/day with respect to the design where non-Darcy flow effects through the propped fracture are neglected (see Table 10 ). 
